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Abstract 

We consider a six-dimensional braneworld model and we study the cosmological 
evolution of a (4+1) brane-universe. Introducing matter on the brane we show that 
the scale factor of the physical three-dimensional brane-universe is related to the 
scale factor of the fourth dimension on the brane, and the suppression of the extra 
dimension compared to the three dimensions requires the presence of dark energy. 
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1. Introduction 

Recent high quality data from various independent observations like the cosmic mi- 
crowave background anisotropics [T], large scale galaxy surveys |2j and type IA super- 
novae [3J H] suggest that most of the energy content of our universe is in the form of dark 
matter and dark energy. Although there have been many plausible explanations for these 
dark components, it is challenging to try to explain these exotic ingredients of the universe 
using alternative gravity theories. 

Braneworld models are higher-dimensional modified gravity theories, which share many 
common features with general relativity, but at the same time give corrections to the 
conventional gravity theory such as modifications to the Newton's law and alternative non- 
conventional cosmology. The essence of the braneworld scenario is that matter and gauge 
interactions are localized on a three-dimensional hypersurface (called brane) in a higher- 
dimensional spacetime while gravity propagates in all spacetime (called bulk). This idea 
gained momentum the last years [5J E] because of its connection with string theory (for a 
review see [7 ) . The cosmology of these and other related models with one transverse to 
the brane extra dimension is well understood (for a review see jSJ). In the cosmological 
generalization of [§], the early times (high energy limit) cosmological evolution is modified 
by the square of the matter density on the brane, while the bulk leaves its imprints on the 
brane by the "dark radiation" term [HJ [TUJ E3 E3 HZ] • The presence of a bulk cosmological 
constant in [6, gives conventional cosmology at late times (low energy limit) |§1 IHH Ho]. 

In braneworld scenarios, contrary to the Kaluza-Klein theories, the extra dimensions 
can be large if the geometry is non trivial. If the hierarchy problem is addressed in the 
braneworld scenarios for example, the extra dimensions should be large [5]. In a cosmo- 
logical context however, these extra dimensions are observationally much smaller than the 
size of our perceived universe. Initially the universe could have started with the sizes of all 
dimensions at the Planck length. Then, a successful cosmological model should accommo- 
date in a natural way a mechanism by which the extra dimensions remained comparatively 
small during cosmological evolution. 

Such a mechanism was proposed in ^T]. The basic idea is that strings dominate the 
dynamics of the early universe and can see each other most efficiently in 2(p+l) (p=l 
for strings) dimensions. Therefore, strings can only interact in 3 spatial dimensions, while 
strings moving in higher dimensions eventually cease to interact efficiently and their winding 
modes will prevent them from further expanding. If branes are included, it was shown in 
that strings will still dominate the evolution of the universe at late times so the mechanism 
of ^1] still survives. 

In this work we show that in a (4+1) braneworld model in a six- dimensional spacetime 
bulk with a cosmological constant, the unknown form of brane dark energy is responsible for 
the dynamical compactification of the extra fourth dimension relatively to the physical three 
dimensions, and during the various cosmological evolution phases of the brane-universe it 
keeps the extra dimension frozen. This model can be generalized to higher dimensions at 
the expense of calculational difficulties. Six or higher-dimensional braneworld models were 
considered as generalizations of the Randall-Sundrum model. In ^3] static and non-static 
solutions in a 6-dimensional bulk as well as the stability of the radion field were discussed, 
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while in jT3] the evolution of the extra dimensions transverse to the 3-brane in a Kasner-like 
metric was studied. 

In this paper we follow a different approach. First we consider a 4-brane fixed at some 
position in the sixth dimension and we derive the dynamical six-dimensional bulk equations 
in normal gaussian coordinates with a cosmological constant in the bulk and considering 
matter on the brane ^3]. We look for time dependent solutions allowing for two scale 
factors, the usual scale factor a(t) of the three dimensional space and a scale factor b(t) for 
the extra fourth dimension. If a(t) = b(t) we get the Friedmann equation of the generalized 
Randall- Sundrum model in six dimensions describing a four dimensional universe ^Hl- If 
a(t) ytz b(t) we get a generalized Friedmann equation in six dimensions [19 . 

The problem can be looked at a different angle. If a = b, we can write the bulk 
six-dimensional metric in "Schwarzschild" coordinates and then we have the equivalent 
description of a 4-brane moving in a static Schwarzschild- (A) dS six-dimensional bulk ^SJ 
120]. If however a ^ b, a brane observer uses a and b, for whom they are static quantities, to 
measure the departure from six- dimensional spherical symmetry of the bulk. The important 
result of this consideration is that, since the brane observer needs to define a cosmic time 
in order to derive an effective Friedmann equation on the brane [H^, a and b are related 
through the Darmois-Israel junctions conditions and because of that, their relation depends 
on the energy-matter content of the brane. The physical reason of the existence of such a 
relation between a and b is that the requirement of having a cosmological evolution on the 
brane introduces a kind of compactification on it and the relation between a and b acts as 
a constraint of the brane motion in the bulk. 

Using the six- dimensional generalized Friedmann equation and assuming that p ^ ft, 
where p is the pressure of the physical three dimensions and ft corresponds to the fourth 
dimension, we make a systematic numerical study of the cosmological evolution of the scale 
factors a(t) and b(t) for several values of the parameters of the model, A 6 the six-dimensional 
cosmological constant, k the brane spatial curvature and w and w parameterizing the 
form of the brane energy-matter content of the three dimensions and of the extra fourth 
dimension respectively. We find that, in order the fourth dimension to be small relatively to 
the other three dimensions and to remain constant during cosmological evolution, w must 
be negative, indicating the presence of a dark form of energy in the extra fourth dimension. 
We find this result for all cases considered, (A)dS or Minkowski bulk, open, closed or flat 
universe, radiation, dust, cosmological constant and dark energy dominated universe and 
the specific value of w depends on the energy-matter content of the other three dimensions. 

The paper is organized as follows. After the introduction in Sec. 1, in Sec. 2 we derive 
the generalized Friedmann equation of a 4-brane in a six-dimensional bulk. We followed 
two approaches, that of a static brane in a dynamical bulk and that of a moving brane 
in a static bulk. The second approach gives us information of how the two scale factors 
are related. In Sec. 3 we make a numerical investigation of how the two scale factors 
evolve under various choices of the parameters of the model, and in Sec. 4 our results are 
summarized. 
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2. A Cosmological Braneworld Model in Six Dimensions 

In this section we describe a braneworld cosmological model in six dimensions. This 
model is a generalization of the existing braneworld models in five-dimensions. We study 
the model following two different approaches. First we use normal gaussian coordinates to 
describe a static 4-brane at fixed position in a six-dimensional spacetime bulk. The six- 
dimensional Einstein equations are derived and with the use of the appropriate junction 
conditions the generalized Friedmann equation is given. The cosmological evolution de- 
scribed by this generalized Friedmann equation involves the usual three-dimensional scale 
factor a(t) and the scale factor b(t) describing the cosmological evolution of the extra fourth 
dimension. 

We consider next a dynamical brane moving in a bulk described by six-dimensional 
static "coordinates". In this case the dynamical brane is moving on a geodesic which is 
given by the junctions conditions. We derive the equations of motion of the brane which 
for a brane observer describe the cosmological evolution on the brane. We discuss the 
connection between the static and dynamical brane models and the physical information 
that can be extracted from these approaches. 

II-A. Static Brane in a Dynamical Bulk 

We look for a solution to the Einstein equations in six-dimensional spacetime with a metric 
of the form 

ds 2 = -n 2 (t, y, z)dt 2 + a 2 (t, y, z)dY? k + b 2 (t, y, z)dy 2 + d 2 (t, y, z)dz 2 , (2.1) 

where dY* 2 , represents the 3-dimensional spatial sections metric with k = —1, 0, 1 corre- 
sponding to the hyperbolic, flat and elliptic spaces, respectively. 

If the brane is fixed at the position Zq, then the total energy-momentum tensor can be 
decomposed in two parts corresponding to the bulk and the brane as 

rpM _ rpM(B) rpM(b) /«-, r>\ 

where the energy-momentum tensor on the brane is 

T M {b) = 5(z - zo) ^ ^ ^ ^ ^ Q) ^ (2 3) 

where p is the pressure in the extra brane dimension. We assume that there is no matter in 
the bulk and the energy-momentum tensor of the bulk is proportional to the six-dimensional 
cosmological constant. 

The non-zero Einstein's tensor components are given by 
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where 7^ is the maximally symmetric three-dimensional metric. 
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The presence of the brane in zq imposes boundary conditions on the metric: it must be 
continuous through the brane, while its derivatives with respect to z can be discontinuous 
at the brane position. This means that the generated Dirac delta function in the metric 
second derivatives with respect to z must be matched with the energy-momentum tensor 
components (|2.Hjl to satisfy the Einstein equations [§]. Therefore, using (|2.4)1 . (|2.5jl and 
(12. 6|) we obtain the following Darmois-Israel conditions, 

— r = — -rip-p + p), 

M = _^) { ,_ 3(p -p)}, (2.11) 

= TtP + 3 (P + ^)}' 

where the subscript (0) indicates quantities on the brane. The energy conservation equa- 
tion on the brane can be derived taking the jump of the (06) component of the Einstein 
equations, using Eq. (|2.9|) 

[Gm] = .± m _ i l9M + 3 ^ %n] + k \m + m 41M (2 , 2) 

Using the junction conditions (j2.11|) and the corresponding time derivatives given by 

gJIM) = -&<fi-p + A , (2.13) 

V a d J 4 

*(S - 4 {>-*-*}■ < 2 -> 

we obtain 

P + 3(p + p)^ + (p + p)^ = 0. (2.15) 

To find the Friedmann equation we take the jump of the (66) component of the Einstein 
equations (Eq. ()2.7|) ). 

J(d z a) 2 } | 3 [d z ad z b] | 3 [&ad 2 n] | ggfc^n] _ Q 
flo a o^o «0^0 ^0^0 

We use the fact that 



where 



[dJS.g] = #S«/# [a iS ] + [dj] #a»g# , (2.17) 

is the mean value of the function / through y — 0, and we arrive to the following equation 

#d 2 a# 1 #0,n# 

P = oP qP 1 • 2 - 18 
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We take now the mean value of the Eq. (|2.7|) 
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^2 
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a 

Analogously to the equation ()2.17|) . we have 

#d z f d z g# = #d z f##d z g# + \[dj][d z g] . (2.20) 

Thus, using (|2.2()|) . the junction equations, (|2.18jl and the fact that #<9 z a# = #<9 2 5# = 
(we have assumed a Z 2 symmetry), we arrive to the generalized Friedmann equation in 
six-dimensions 

a 16 , a bo dg\ «( 6 ) / , 2 2 



- 2 l-4 f - « 2 - 2i) 

where we have assume (d y a) = 0, (<9 2 a) = and we have chosen n = 1. 

In the case of a 3-brane in a five- dimensional bulk, the first integral of the space-space 
component of the Einstein equations, with the help of the other equations can be done 
analytically ^3] and this results in the Friedmann equation on the brane with the dark 
radiation term as an integration constant J7j. In our case the Einstein equations (J2.4j) - 
()2.10|) cannot be integrated analytically and therefore, the usual form of the Friedmann 
equation on the brane cannot be extracted from ([2.21)1 . Nevertheless, if a(t) and b(t) are 
related, this equation will give the cosmological evolution of the scale factor a(t). 

If a(t) = b{t) = TZ(t) then (l2~2TJ) becomes 

2^ + 3^ -_ 3 ^kn2_^k OT _ 3 A_^kf 6 (2 22) 

K + 6 \K) ~ 64 P 8 PP *V 2df G - ^ 

This equation is the generalization of the Randall-Sundrum Friedmann- like equation in 
six dimensions, and it has, as expected, the p 2 term with a coefficient adjusted to six 
dimensions. Note that this equation can easily be generalized to D dimensions. 
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dT 2 = + r 2 dn 2 + (1 - kr 2 )dy 2 , (2.24) 



II-B. Dynamical Brane in a Static Bulk 

We consider a 4-brane moving in a six-dimensional Schwarzschild-AdS spacetime. The 
metric in the "Schwarzschild" coordinates can be written as 

z 2 

ds 2 = -h(z)dt 2 + —dT 2 + h-\z)dz 2 , (2.23) 
V 

where 
and 

h(z) = h + ^-™. (2.25) 
Comparing the metric (|2.1j) with the metric ()2.23j) we can make the following identifications 

n(z) = \/h(z) , 
a(z) = b(z) = z/l , 

d( z ) = ^h- l (z). (2.26) 

The two approaches of a static brane in a dynamical bulk described in Sec. IH-A.I and of a 
moving 4-brane in a static bulk are equivalent [21]. To prove this equivalence, consider the 
Darmois- Israel conditions for a moving brane, [K£\ = — kLs (Tjf — |T/i^), with being 
the induced metric on the brane; analogously to the case in 5 dimensions ^H] one can 
obtain 

—== = - K f 6) (- p -p), 2.27 

Vh + n 2 4 

-2^+^ = % (2.28) 

where we have defined z = TZ(t). Combining these two equations and using ()2.25|) we find 
that 

-V = -3^p 2 -^-3A 5 (2 . 29) 

n) 64 H 8 Hy n 2 i 2 K J 

Comparing with ()2.22j) we see that 

K 2 tfe _ K %)f _ 10 

^l- 2 = -^K, (2.30) 

with Tg = — A@ the bulk cosmological constant, and I the size of the AdS space. Therefore, 
a brane observer describes the cosmological evolution of a four-dimensional universe with 
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the Friedmann equation (|2.29|) with 1Z parameterizing the motion of the brane in the z 
direction. 

To describe the motion of the 4-brane with a(z) 7^ b(z) we can write the metric ()2.23j) 

as 

ds 2 = -n{z) 2 dt 2 + a 2 (z)dJ:l + b(z) 2 dy 2 + d 2 {z)dz 2 . (2.31) 

We denote the position of the brane at any bulk time t by z = TZ(t) as before. Then, an 
observer on the brane defines the proper time from the relation 

n 2 (t } TZ{t))i 2 - d 2 (t, TZ(t))n 2 = 1 , (2.32) 

which ensures that the induced metric on the brane will be in FRW form 

ds 2 induced = -[n 2 (t,n(t))i 2 -d 2 (t,n(t))lZ 2 

+ a 2 (t,n(t))dJ: 2 {3) + b 2 (t,n(t))dy 2 
= -dr 2 + a 2 (t, K{t))dE 2 {3) + b 2 (t, TZ{t))dy 2 , (2.33) 

where the dot indicates derivative with respect to the brane time r. The extrinsic curvature 
tensor on the brane is given by 

K M n = h L M Vl n N , (2.34) 
where n is a unitary vector field normal to the brane and 

hMN = 9mn — nMnN , (2.35) 
is the induced metric on the brane. To calculate the components of n, we use the relations 

9M N n M n N = l , g MN n M u N = 0, (2.36) 



dr 2 
,2 



where we introduced the unitary velocity vector corresponding to the brane 

f dt dV. 

I— ,0,0,0,0,— 

^ dr dr 



a [ dt dlZ 1 

u A = -0,0,0,0,— . (2.37) 



Then we find 

n A = ( - ndll, 0, 0, 0, 0, ndi) . (2.38) 

The components of the extrinsic curvature (|2.34j) using the induced metric f!2.33|) and ()2.38|) 

read 

td ti 

K TT = -ndtU + ndKt J- + TZ 2 i (dd z n - nd z d) , (2.39) 

K .. = ^Vl + d 2 7t 2 7ii , (2.40) 

K, 5 = ^Vl + d 2 7^ 2 . (2.41) 
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Eliminating i and i from ()2.39|) . using ()2.32|) . equation (|2.39|) becomes 



if rr = - - ( drill + Ar ~ {dd z n - nd z d)U 2 ) . (2.42) 

Vl + d 2 K 2 n \ d ) 

Introducing an energy-momentum tensor on the brane 

% v = h va T« - jTh^, (2.43) 
where = diag(—p,p,p,p,p), the Darmois-Israel conditions 

[K, u ] = -4)T Mi , (2.44) 
give the equations of motion of the brane 

d 2 dn 3 - diz Vi + ^t^ dz n . s 

— - — dnlZ H ; (do z n — no z d)lZ 

Vl + d^R 2 n \ d 



3(P + P)+P), (2-45) 



K (6) 

8 

^Vl + rf 2 ^ 2 = -^fp + p-p), (2.46) 
act 8 V / 

^Vl + d 2 ^ 2 = -^(p-3(p-p)) . (2.47) 

Notice that if a = 6 = 7?./7, we recover equations (|2.27j) and ()2.28jl . corresponding to the 
Schwarzschild-AdS spacetime. 

Equation (|2.45jl is the main dynamical equation describing the movement of the brane- 
universe in the six-dimensional bulk, while a combination of (I2.46|) and (|2.47|) acts as 
a constraint relating a and b (remember that for a brane observer a and b are static, 
depending only on z) 

a = j[ b(p+p-p)/(p-Kp-p)) ^ (2.48) 

where A is an integration constant. This is the main result of our paper: because of the 
Darmois-Israel conditions, the relative cosmological evolution of a, the scale factor of the 
three-dimensional physical universe and b, the scale factor of the extra dimension, depends 
on the dynamics of the energy-matter content of the brane-uni verse. In the next section 
we analyze the cosmological evolution of the brane- universe assuming various forms of 
energy-matter on the brane. 

Another interesting observation is that, a brane observer can measure the departure 
from full six-dimensional spherical symmetry of the bulk using the quantities a and b. 
If a(z) = b(z) = z/l then the symmetry of the bulk is S 4 having a six-dimensional 
Schwarzschild-(A)dS black hole solution. If a(z) ^ b(z) fixing a to be a(z) = z/l, be- 
cause of (|2.48|) b(z) is given by 



i . i (p-3(p-p))/0+p-p) 
- - 



z 



(2.49) 
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and we expect the topology of the bulk to be S 3 x A4, M. being a compact or non-compact 
manifold. There are no analytical solutions in the six-dimensional spacetime with such 
topology and the reflection of this on the brane is the difficulty of the brane equations 
(|2.45|) - (|2.47|) to be integrated analytically. Note also that because of (J2.49)) . a change in the 
topology of the bulk is triggered by the dynamics of the matter distribution on the brane. 



3. The Cosmological Evolution of the Brane-Universe 

To study the cosmological evolution of the four-dimensional brane-universe, we made the 
following assumptions for the initial conditions and the matter distribution on the brane. 
We assume that the universe started as a four- dimensional one at the Planck scale, all the 
dimensions were of the Planck length and the matter was isotropically distributed. In this 
case the cosmological evolution is described by the generalized Friedmann equation ()2.22j) . 
Then an anisotropy was developed in the sense that p = Qp with Q ^ 1. The cosmological 
evolution is now described by ()2.21|) supplemented with the constrained equation ()2.48|) 
and the matter distribution on the brane is given by the equations of state 



V 
V 



wp, 
wp. 



(3.1) 
(3.2) 



Using (J2.48JI and relations ()3.1|) and ()3.2|) the generalized Friedmann equation ()2.21|) be- 
comes 



w — w 
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H a + 



+ 



(1 + w)(-3w + 2w - 1) + 3(1 + w) 



2w 



w 
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,,-2 
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2 + w p 2 



P 



3(l + w)V 
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32 



1 + 2w + -w + (w — w) 2 



3(1 +w)p 
+ 



(3.3) 



Using the conservation equation 1)2.15)1 to eliminate p and its derivatives from the above 
equation, the cosmological evolution of the three-dimensional scale factor a(t) is given by 
the equation 



1 + 



B 
3"J 



aa 



2C+1 
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B 2 2B 

T + J 
2C a 2 ^A 6 - 



a 2 a 2C + 
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32 



1 + 2w H — w + (w — w) 
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(3.4) 



where the constants B and C are given by 

1 — 3w + 3w 



B 

C 



1 + w — w 
3(1 +w) + B(w 



(3.5) 
(3.6) 
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while the b(t) scale factor is 

b(t) = a{t) B . (3.7) 

We will make a numerical analysis of equations (|3.4|) and ()3.7|) and study the time evolution 
of the two scale factors for different backgrounds and spatial brane-curvature. We will allow 
for all possible forms of energy-matter on the physical three dimensions (w—0, 1/3, -1/3) 
and also for the possibility of dark energy (u>=-l), leaving w as a free parameter. We note 
here that the aim of this work is not to present a detailed six-dimensional braneworld model, 
but rather to see if in braneworld there is in operation a mechanism for the suppression of 
the extra dimensions compared to the three physical dimensions under different forms of 
energy-matter on the brane. 

For the scale factor b(t) to be small compared to the scale factor a(t), the constant 
B in f!3.7|) should be negative. In Table 1 we give the allowed range of values of w for 
various values of w. These values in turn were used to plot the time evolution of the scale 
factors a(t) and b(t) using (|3.4|) and (|3.7|) respectively. The criterion for the acceptance of 
a solution is to give a growing evolution of a(t) and a decaying and freezing out evolution 
for b(t). The results for various choices of the parameters of the model are presented in the 
following. 



w 


w 


-1 


> or < -4/3 





> 1 or < -1/3 


1/3 


> 4/3 or < 


-1/3 


> 2/3 or < -2/3 



Table 1: The allowed values of w for B to be negative. 



III-A. De Sitter Bulk 

For Ag > we find that only negative values of w according to Table 1 give acceptable 
solutions for k = 0,-1, while the k = 1 solutions are not acceptable for any value of w. A 
typical evolution of the two scale factors is shown in Fig. 1 and Fig. 2, for various values 
of w. 

In both cases the scale factor a(t) grows very fast, while the scale factor of the fourth 
dimension goes very fast to small values where it stays constant for the whole evolution. 
The reason for the fast growth of a(t) is that the cosmo logical constant of the bulk A$ 
acts as an effective cosmological constant on the brane and drives an exponential growth. 
This is common to the braneworld models with a cosmological constant in the bulk. It 
also happens in the five-dimensional Randall-Sundrum model if we do not impose the fine 
tuning between the brane tension and the five-dimensional cosmological constant. 




III-B. Anti De Sitter Bulk 

For A 6 < and k = 0, 1 we do not get any acceptable solution. The scale factors either 
go to infinity, or a(t) grows and b(t) decays for a while and at some point they interchange 
behaviours, crossing each other and going to infinity. However, for k — — 1 there is an 
interesting evolution of an oscillating universe shown in Fig. 3. 

Again these solutions are obtained only for negative values of w according to Table 1 
for various values of w. For w < — 1 there is a small range of values near the critical value 
of w, where a(t) escapes from the oscillating behaviour and grows very fast, forcing b(t) to 
decay and freeze out at certain small value analogously to De Sitter cases. 

III-C. Minkowski Bulk 

When A 6 =0, we do not have the very strong effect of the bulk cosmological constant and 
the time evolution of the scale factors is smoother. If we had introduced a brane tension 
on the 4-brane, then a fine tuning similar to the Randall-Sundrum case in five-dimensions, 
would have resulted in the same behaviour. We show a typical time evolution of the two 
scale factors in Fig. 4, for k = 0, — 1 while there is no acceptable solution for k — 1. 

The evolution of the scale factor a(t) is nearly linear for k = —1, while for k = 
there is an interesting solution with dark energy in the physical universe (w = —1) and 
with "phantom" energy in the extra dimension (w = —5/3). The b(t) scale factor decays 
at a smaller rate compared with the case of a non-zero bulk cosmological constant, but 
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Figure 2: Time evolution of the scale factors a(t) and b(t) for A 6 > and k = — 1. 

soon it gets a small value where it freezes for the whole cosmological evolution. As it 
happens in all the other cases, w is negative in the range of values given in Table 1 for 
all acceptable solutions, indicating the need of dark energy to suppress the extra fourth 
dimension compared to the three other dimensions. 

4. Conclusions 

We presented a (4+l)-braneworld cosmological model in a six-dimensional bulk. If 
a(t) = b(t), with a(t) the usual scale factor of the three physical dimensions, and b(t) the 
scale factor of the extra fourth dimension, we found the generalized Friedmann equation 
in six-dimensions of the Randall- Sundrum model describing the cosmological evolution of 
a four-dimensional brane-universe. We then showed that there is an equivalent description 
of a 4-brane moving in a static six- dimensional bulk and the cosmological evolution on the 
brane is described by the same generalized Friedmann equation. 

If a(t) 7^ b(t) the four- dimensional universe evolves with two scale factors. However, 
for an observer in the moving brane, a and b are static depending only on the coordinate 
on which the 4-brane is moving. Then, demanding to have an effective Friedmann- like 
equation on the brane, we showed that the motion of the 4-brane in the static bulk is 
constrained by Darmois-Israel boundary conditions, resulting in a relation connecting a 
and b acting constraint of the brane motion. 
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The way a and b are related depends on the energy-matter content of the 4-brane, 
because their relation was derived from the consistency of the Darmois-Israel boundary 
conditions. We then explored what are the consequences of the presence of this constraint of 
motion for the cosmological evolution of the brane-universe. We assumed that the universe 
started higher- dimensional at the Planck scale with all the dimensions at the Planck length, 
and subsequently an anisotropy was developed between the three physical dimensions and 
the extra-dimension. We then followed the evolution by making a "phenomenological" 
analysis of how the two scale factors evolved under various physical assumptions. In all 
considered cases, (A)dS and Minkowski six-dimensional bulk, open, closed and flat brane- 
universe and matter, radiation, cosmological constant and dark energy dominated three- 
dimensional physical universe, we found that dark energy is needed for the dynamical 
suppression and subsequent freezing out of the extra fourth dimension. 

It is interesting to further explore the relation we found between the cosmological evolu- 
tion of a higher- dimensional brane-universe with the static properties of the bulk. The cos- 
mological evolution on a higher-dimensional brane-universe is related to a topology change 
of the bulk during the evolution, and this relation might lead to a better understanding of 
the Gregory-Laflamme [22] instabilities of higher-dimensional objects. 
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